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ABSTRACT

This paper presents a comparison of three different methods, Direct L-
moments, L-moments via partial probability-weighted moments (PPWM)
and maximum likelihood (ML) methods, respectively, to estimate the two
parameters of Weibull distribution with Type-lI censored data. These
methods are compared in terms of estimate of the unknown parameters,
relative bias and root of mean square error (RMSE) using Monte Carlo
simulation to select the best method. Also, a real data set is considered to
achievetheresults.

Keywords: Censored Data; Estimation; Direct L-moments; L-moments; maximum
likelihood; Weibull Distribution.

1- Introduction

Weibull distribution is widely used in reliability and survival
analysis. It has been introduction by Wallodi Weibull 1951. This
article is concerned with the two parameters Weibull distribution. The
probability density function (pdf) of Weibull distribution is:

yB-1 L)

fap) =2 (5) ¥, o<x<wm  ab >0 (1.1)
and the cumulative distribution function (cdf) is:
Fl)=1- a3 (1.2)
The quantile function can be obtained as follows:
xw = al-log (1 - u]]ln (1.3)

This paper is concerned with estimating the two parameters a and b
of Weibull distribution using three different methods, Direct L-
moments with L-moments via partial probability-weighted moments
(PPWM) method and maximum likelihood (ML) method,
respectively with Type-I censored data.

This article is organized as follows; L-moments via PPWM for
Censored Data for Weibull distribution are introduced in Section 2.
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Direct L-moments for censored data for Weibull distribution is
presented in Section 3. ML method for censored data for Weibull
distribution is presented in Section 4. in Section 5 an application of a
real data set is presented. Simulation study and concluding remarks
are presented in section 6 and 7 respectively.

2- L-moments via PPWM for Censored Data for
Weibull distribution

L-moments was first introduced by Sillitto (1951) and
formally defined as expectations of certain linear combinations of
order statistics by Hosking (1990). He has defined L-moments to
summaries theoretical distribution and observed samples. Hosking
(1995) defined two variants of L-moments definition, which used
with right-censored data. Similarly, Zafirakou-Koulouris et al.
(1998) extended the applicability of L-moments to left-censored data
of L-moments. The method of L-moments was discussed from
various earlier studies by Hosking (1990) who provided guidelines for
the practical use of L-moments. Hosking (1990, 1992, 1994, 2006),
Hosking and Wallis (1995), Sillitto (1969), Elamir and Seheult (2001,
2004), Jones (2004), Asquith (2007), Abdul-Moniem (2007),
Karvanen (2006), Bilkova (2014) and Dutang (2016) considered
various theoretical aspects and applications of L-moments for
complete data.

For any distribution the rth L-moments is related to the rth PPWM,
see Hosking (1990), where:

.
vt (T k . .
b= ) (17 (7) (FF%) f  r=012.. an
R
from which the first four L-moments in terms of PPWM are:
L= 8

Az=—Fy + 25

Az= By — 68, +65;
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j_ = - ra + 12 ra — _-cn ra £ 20 ra ,r"_'J '_-)"!

Hosking (1995) deflned two varlants of L-moments definition,
which used with right-censored data as follows:

For Type — A PPWM BA — ;_ ' *(F1 F" dF, (2.3)
For Type — B PEWM BF= [[x(F) FF dF + — x(c)
(2.4)

In this section, different types PPWM of Weibull distribution are
introduced which used to determine L-moments of a Type-l censored
data, for right and left censoring respectively.

2.1 PPWM for Right Censoring for Weibull
distribution

Let X4, Xy, ..., X, be a Type-1 censored random sample of size n
with distribution function F (x) and quantile function x(u). Let the
threshold T satisfy F(T) = c and c is the fraction of observed data.
Type-I right censoring occurs when the observations above the fixed
threshold 7 are censored. This section is concerned with two
different types PPWM of Weibull distribution used in L-moments
for Type-I right censored data, Type-A PPWM and Type-B PPWM
respectively.

- For Type-A PPWM

Substltutlng equation (2.3) by the quantile of Weibull distribution,
the r™ Type-A PPWM population for Weibull distribution is:

=

u" du

B = ey J‘[ log (1 - u)]k

Putz=—log(1—u) = e 2 =1—uthis led to —eZdz=-du, and, 0

<u<c




M-19duigs yopisellg coulil| aacl|  jajiJ] deols —o)lail| S3LIS gliaal diolel] dlol|

= 0<z<-log(1—c). Thus,

Substituting, r=0, 1 in equation (2.5), the first two PPWM for
Type-I right censoring with Type-A for Weibull distribution are:

a p—logll—2a L
= - b g% dz
c ]
a [r= 1 = 1 1
= - U P eF dz - J zF g~* n’z]
C o —logla—-¢l

- S [1"(% +1)- T (-logll - G]% +1]]

and,
a —legll - ¢l L

= = | 5 Q- e et iz
£ o
a —lagll—el ~logli-e

= — U‘ zb? g% dz -— J‘ g8 g~ 4=

e 5 5

Puttingy = 2z =z = = thisis led todz = d—"’ and,0<z<-log(l1-c¢)=
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0 <y <-2log(1-c),thus:

'qf" = % i z e~ dz — r_ i =1 =]
i E e mTrmlozsll— @ 2 11— 2= T (211 = Tr—210el(l — ) 22 17
c |_- kbl -J,l N e Ifl'lbl - ) - l\- 1‘-i;' [ .-"I)I & EawmLe '\-.I'lbl -Jl
(2.6)
- For Type-B PPWM ‘
Substltutlng equation (2.4) by the quantile of Weibull distribution,
the r™ Type-A PPWM population for Weibull distribution is:
e § _ ~T+L
g = g ( [—log (1 —aﬂ]% u” :1’1{-!—@[—{99 1- E]]%
= o = r_l_ J. =
J,—:ugu EIZF{J_ o) et n’z+c[L o [ log {L—.-:]]r- 2.7)

F+1i

Substituting, r = 0; 1 in equation (2.7), the first two PPWM for Type-I

right censoring
with Type-B for Weibull distribution are:

—logll—el 1 L
BE = ﬂ[ zbe7% dzt+all —cll—log (1 - £)]F
]

=a [1" (§+ 'L) —T(—logll — c].é-l— 1 ]] +all—cll-log (1— c]]_lﬂ (2.8)
and,
—logli- ¢l b [
BF = a J- z%{l —e I g2 n’z-l—w[—{ug (1 —.:;-]]%
o 2
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(2.9)

——[—log (1 —¢cllF

2.2 PPWM for Left Censoring for Weibull distribution

Type-I left censoring occurs when the observations below the
fixed threshold 7z are censored. Zafirakou-Koulouris et al. (1998)
derived PPWM for left censoring, following the same approach
introduced by Hosking (1995) for right censoring where:

Eor Ting = A4 PP md — L f'va’z;‘l r -~ aF i
Iov i ype — A rrvvi Pr = [_gret Jo AP OR Ci ar, =

. r#1
For Type — B PPWM B# = =x(c) .Lir.a-—i + _r:Fr x(F) dF, r=0,12,....

(2.11)
This section is concerned with two different types PPWM of
Weibull distribution used in L-moments for Type-I left censored
data, Type-A' and Type-B' PPWM for left censoring respectively.

. For Type-A" PPWM

Substituting equ uation (2.10) by the quantile of Weibull

distribution, the r™ Type-4
PPWM populatlon for Weibull distribution is:

2 ffl[—{ug (1- u]]l" (w—cl"

A —
-'rj‘i’ T [

Substituting, r =0, 1 in equation (2.12), the first two PPWM for
Type-I left censoring with Type- -A’ for Weibull distribution are:

du (2.12)

J‘ [—log {J.—u]]ﬂ' du

fe = {L—c
—log (1-u) e " 1—u thisis ledto € dz= ~
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and,c<u<1= -log(l-c) <z< * thus:

= T (-logll — o), ; + 1) (2.13)

By = : r{l c) [ 15 e dz [~ 2b g2t n’z]
i (1—¢ [ J—mg'l cl J—h:lg'l—c" J
¥ dy
Put,y=2z=%= 2, thisisledtodz= 2z and,-log(l-c) <z< “° =log(1 - c)
<y< “ thus:
a L, [ AT
.EL B {J-_':' [ B E] J‘—Lugll—c' © % J‘—:Eugll—c' (2)

= T [{1 - T (—log(l —c), s+ 1) - 275 T (~2log(1 - chit 1 ]]
(2.14)

- For Type-B" PPWM

Substituting equatlon (2.11) by the quantile of Weibull
distribution, the r'™ Type-B
PPWM populatlon for Weibull distribution is:

C 53 )
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B = aj i—ilog \l—wif u gu-+t

=a [ guazili-e¥ e dzt——I-log (1 - F (2.15)

Substituting, r = 0; 1 in equation (2.15), the first two PPWM for
Type-I left

censoring with Type- B’ for Weibull distribution is:

- 1 L

8= g ( z5eF dzt+acl—log (1 —c)]?

: '-‘I—E:lgll—c"

=al(-log(l - G‘]-ﬁ‘l‘ 1) +acl-log {'l—cr]]i (2.16)
g,
B = a J‘ z%{l —e ) gF n’z-l—#[—{ug (1 —C]]%
—logll - ¢l =
1 _L+b 1 alec?) L
=a [1" (—log(1 - c].E-I- 1)— 278 r(-2logll — c].E-i- 1 ]]+ ——[—log (1—c)]2
2.17)

3 Direct L-moments for censored data for Weibull
distribution

Mahmoud et al. (2017) introduced the concept of Direct L-
moments. They applied their method to Kumaraswamy distribution and
compared it with L-moments via PPWM method and ML method.
They introduced two variants method which are used with both right and
left censored data respectively. In this section, Direct L-moment is
applied to Weibull distribution as the same manner of

( 54 )
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Kumaraswamy distribution for right and left censored data
respectively.

Let X;, Xy, ..., X, be a Type-I censored random sample of size n
from a distribution with distribution function F (x) and quantile
function x(u). Let the threshold T satisfy F(T) = ¢ and c is the
fraction of observed data, where:

Xin SXon - SXpn ST =X ==X =X

m+1l:n n—1:n n:n

m (observed data) n-m (censored data)

- For Type-AD

Mahmoud et al. (2017) defined a Type-AD right censoring
Direct L-moments, where:

r—Lls_ g4~k
k=0l — L)

Loy
e

r'.,i"'L =
o et

fr—1% r! [ AR S S
U op ) oo do ¥ wTTT (e — )t du (3.1

From equation (3.1), the r' Type-AD L-moments population for
the Weibull distribution is:

r_.l) T [I-leg (1 — ) Fum* 1t (¢ — w)* du

k

ut = = Troh-1* (

(3.2)

lr—k— 1 E!

Substituting, r = 1; 2 in equation (3.2), the first two L-moments for
Type-I right censoring

with Type-AD for Weibull distribution, it is found that:

|
|-

Y

= 2 [Tewg a-wl

—logla—-el
B -=
J‘ zb @ dz
i+

LRE=
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= 2 frd £ Do T (clogl - L £1 33)
and,
W= 2 T-0F (B) —=— [FT-tog (1 - 5 u*% (c —u)* du
d 1 d 1
= % o =teg = WIF wdw - 2[ =t0g — WIF (= dul
Zc |. Jn Jn J
1
_ir.f-_j___‘lr'lrliu -|ﬁl_.f';| B T LI (PO i, | £| Y _-;u_l:l'lrr' fﬁu |ﬁlﬁl_
_|.': |-'\__ cJL ll'ki;l-'_ LJll LA crl I't. lLIE'\_L LJ-ET LJ Z -Illtl Il'ki;l-'_ LJll)l
_ L LT
r(—2log(l — c).- + 1)
(3.4)

The standard method to compute L-moments estimator is
equating the sample L-moments (M2 ) with the corresponding

population L-moments (u? ). Type-AD L-moments estimators for
right censored data given by:

wf = o TS () (D) (M) B B9

- For Type-BD

Mahmoud et al. (2017) defined a Type-BD right censoring
Direct L-moments as:

SIS0 (ML) o KW T (W) du +xlBe — Rk + 1)~

Ble,r —kk +1)]

]
Hr

(3.6)

From equation (3.6), the r™ Type-BD L-moments population for
the Weibull distribution as follows:

C 56 )
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3.7)

Substituting, r = 1; 2 in equation (3.7), the first two L-moments for
Type-I right censoring with Type-BD for Weibull distribution, it is
found that:

- — ni'r.f:: LI T r—lpefl — 1 &2 oL 1 \-iJ_n.f'I_.n‘lr_.l'nnl"l_w\ﬂ:
by Lo Ll. I"i:' T L) Lo gL |.-)|E;I [ J._jJ T le L LL P LfLL [ |
(3.8)
And,
5o e e 1) Timtoel — AL w1l r(E 1) Fre2loe(l — L
B2 = a[f(Z +1)-T(-log — .- +1)]-275 [ + 1) - T (-210g(1 — ).
D] +a(l-o)l-log —o)l*
(3.9)

The standard method to compute L-moments estimator is equating
the r™ sample L-moments (M2 ) with the corresponding population

L-moments (u: ) Type-BD L-moments estimators are computed from

the complete sample, where n - m censored data are replaced by the
censoring threshold T given by:

e et () (5 ) (5 s
STzt (71 (5) (7 1]
(3.10)

3.1 Direct L-moments for left Censored Data

Let X4, X5, ..., X, be a random sample of size n. Type-l left
censoring occurs when the observations below the fixed threshold ¢
are censored, where:

X1:n sz:n S"'st:nSTSXsﬂ:n S"'an—l:n =X

SW n-s (observed data)

Let the threshold t satisfy F(z ) = h ,where, h is the fraction of
censored data.

nn

C 57 )
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- For Type-4D
Mahmoud et al. (2017) defined a Type-4D left censoring Direct L-
moments, where:

Substituting the from equation (1.3), the r'™ Type-A'D L-moments
population for the Weibull distribution is:

wio = na-u (") e [ T-log (1 —w)TF (- AY ™ (1 - w)* du

ril—RJ" =i lr—k—11E

(3-12)

Substituting, r = 1; 2 in equation (3.12), the first two L-moments for
Type-I left censoring with Type-A'D for Weibull distribution are:

a1

uif = ' [—log (1- u]]% du

1—h I
Ia

putz="log 1-u) e - 1-u ihisisledto © dz= —%
and, h<u<l=
-log(1-h) <z< * thus:

(e

== 1
AD _ B -z 4
= 1-nh J‘—fl}gll |"'||:z:| ¢ =

7= = T(-logll-h).;+1) (3-13)

W2 = = [a—mr(-leg( - W2+ 1) - 2 FT(—21eg(1 — W), 54 1)]

(3-14)

The standard method to compute L-moments estimator is equating
the r'" sample L-moments (M7 ) with the corresponding population

C 58 )
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L-moments ("—n ) Type-A'D L-moments estimators for left censored

data given by:

S S S i T I S | I j fa+in

Lo - O Ao — o — 34 = 4 (3,15)
- For Type-8D
Mahmoud et al. (2017) defined a Type-ED left censoring Direct L-
moments, where:

[0 B — ek + 1) fy x() )™*=2 (1 - w)¥ d

WP = 2T (M) =

\
lr—k—111E!

(3-16)

Substituting the from equation (1.3), the r'™ Type-B'D L-moments
population for Weibull distribution is:

WP = 2352 1 (1) e - tos Q=PI By —ke + D + Ly [ 0

lr—k—-11E!

9—2]?'—;.'—1. {g—z]k g% dz:l
(3-17)
Substituting, r = 1; 2 in equation (3.17), the first two L-moments

for Type-I left
censoring with Type-B'D for Weibull distribution are:

WP = aT(~logll - N2+ 1) +ahl-log (1 - Pl (3-18)
And,
W= a[bl~ml-log (L -+ T (= logll = W2+ 1) - 27FI(=2l0gl ~ 0,2+ 1)]
(3-19)

The standard method to compute L-moments estimator is equating
the r'" sample L-moments (M7" ) with the corresponding population

C 59 )
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L-moments (-“'—n ) Type-B'D L-moments estimators for left censored
data given by:

zeBD

_ (3.26)

='\. ik fi;l"—.‘\‘—j_f ='\. k .r'E Hzm J

4  Maximum likelihood method for censored data for Weibull
distribution

4.1 ML method for right censored data for Weibull
distribution

Consider Xi:n < X2:n <.......< Xn:n be the order statistics of size of n of
Weibull distribution, Type-I right censoring occurs when m of these
data are observed (m < n) and the remaining n - m are censored above
a known threshold T. The likelihood function of the parameters (a
and b) of Weibull distribution, based on Type-I right censoring, is
given by:

Lia.b:x) oc TIM, flx) [1 — F(TI™—™ (4.1)
Therefore, the log-likelihood function is:
I =logllm b;x) = E% logflx;)+ (n —m) log[1l — F(T] 4.2)

To estimate the unknown parameters, a and b, the first partial
derivations of the log likelihood function, I, with respect to aand b

respectively is needed. Setting s_:: =0 and s—; = 0, we get the
likelihood equations:

P:L[ - ’*M]-I-(n—m] [ L, a'L_F'T"]:U

flxgd da L-F(T) aa
(4.3)
=1 I:f-'i'i' : %] +(n —m) [L—}J:|T| * %} =0
(4.4)
( 60 )
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Substituting equations (4.3) and (4.4) by the pdf, cdf and
deferential equations of pfd and cdf of Weibull distribution, with
respect to a and b parameters, respectively, it was found that:

Equations (4.5) and (4.6) constitute a system of two nonlinear
equations must be solved in a and b to get the MLEs for right
censored data of these parameters. It is obvious that the system of
nonlinear equation has no closed form solution. So, a numerical
technique is required to get the estimates of the unknown parameters.

4.2 ML method for left censored data for Weibull distribution
Consider X1:n < Xon <...... < Xn:n be the order statistics of size of n,

Type-I left censoring occurs when the observations below the fixed
threshold T are censored:

Lla,bix) oo [F(TI* =TI, flx;) (4.7)
Therefore, the log-likelihood function is:
Il =loglla.b: x) = sloglF(T) ]+ X" ., logf(x;) (4.8)

To estimate the unknown parameters, a and b, the first partial
derivations of the log likelihood function, Il, with respect to a and b

respectively is needed. Setting Z—R = 0 and % =0, we get the
likelihood equations:

s L; a;—]+ Fzm[;* a‘;—] =0 (4.9)

;)

s H* aFITI]-I— F=s+l.[;* M] =0 (4.10)

FiT)  3hb Flazg) ab
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Substituting equations (4.9) and (4.10) by the pdf, cdf and
deferential equations of pfd and cdf of Weibull distribution, with
respect to a and b parameters respectively, it was found that:

—tn—si £ TR, =0 (411)

r .

= 2 T (1= ()] 0e(F) =0 (412
L L—g =l d

Equations (4.11) and (4.12) constitute a system of two nonlinear
equations must be solved in a and b to get the MLEs for left censored
data of these parameters. It is obvious that the system of nonlinear
equation has no closed form solution. So, a numerical technique is
required to get the estimates of the unknown parameters.

5 Application

In this section, a real data set is obtained to achieve the results.
The data which used is the lifetime, in weeks, consists of 34
transistors in an accelerated life test, obtained from Hosking (1995)
where, 3, 4,5, 6,6, 7, 8,8,9 9 9, 10, 10, 11, 11, 11, 13, 13, 13,
13, 13, 17, 19, 19, 25, 29, 33, 42, 42, 52, 52, 52, 52 and 53. Table
(1) and (2) show ML, Direct L-moments and L-moments estimates
for the two parameters of Wiebull distribution for the real data based on
Type-I right censoring and Type-I left censoring, respectively.

Table 1: ML, Direct L-moments and L-moments estimates for two
parameters of Wiebull distribution for the real data based on Type-I
right censoring:

. Direct L-moments L-moments
Estimate ML Type-AD | Type-BD | Type-A | Type-B
a 21.3769 | 19.9844 20.9747 | 19.9844 | 20.9747
b 1.2383 1.2648 1.1109 1.2648 1.1109

Table 2: ML, Direct L-moments and L-moments estimates for the
two parameters of Wiebull distribution for the real data based on
( 62 )
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Type-I left censoring:

) Direct L-moments L-moments
Estimate ML Type-AD | Type-BD | Type-A | Type-B

a 20.5384 | 19.7563 20.3857 | 19.7563 | 20.3857

b 1.2849 1.1649 1.2391 1.1649 1.2391

6. Simulation Study

This section is devoted to present the modification of L-
moments method (namely: Direct L- moments) in estimation
process using a comparative numerical study. The two unknown
parameters of Weibull distribution are estimated using Direct L-
moments method, L-moments via PPWM method and ML method
for Type-I censored data (right and left censoring). A comparative
study based on relative bias (RB) and root of mean square errors. All
computations are performed using Mathematica- 10 programs. The
simulation study is conducted according to the following steps:

1.Generate n random sample sizes (30, 50 and 100) drawn randomly
from Weibull distribution with some different values of
parameters.

2. The generated data is ordered.

3. Applying formulas mentioned in (3.5), (3.10), (3.15) and (3.20).

4. Equate step (4) with the corresponding population moments to

get the estimates aand b.

5. The simulation process repeated 5000 times.

6. The simulation results are reported in Table(3) to Table (8),
respectively.
7. Concluding Remarks

According to simulation study, the results of estimating the two unknown
parameters of Weibull distribution and their characteristics are obtained
from Table 3 to Table 8, respectively. From the results, it is observed that:

= As expected, the relative bias and RMSE decreases as sample sizes

increases with reasonable results obtained starting from n = 50.

C 63 )
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= The results suggest that the Direct L-moments method is better, in
terms of accuracy and precision, than L-moments via PPWM and
ML methods.
= In all results, relative bias and root mean square errors decrease as
sample sizes increase.

= In the case of right and left censoring, the estimates of Direct L-
moments method with Type-AD estimates are very close to L-
moments with Type-A estimates.

= In the case of right and left censoring, the estimates of Direct L-
moments method with Type-BD estimates are much more accurate
than L-moments with Type-B estimates.

= In general the variance of estimates is small and this helps to obtain
short confidence interval.

e It is recommended to use the Direct L-moments method with
Type-AD estimates in the case of right and left censoring.

Table 3: The estimates, relative bias (RB) and RMSE for two
parameters of Wiebull distribution using Direct L-moments, L-moments
and ML method based on right censoring (a= 0.5 and b=5)

Type (A)
Direct L-moments (Type-AD) L-moments (Type-A) ML
C n Par.
Estimate RB RMSE Estimate RB RMSE Estimate RB RMSE
a 0.5000 0.0119 0.5041 0.5040 0.0128 0.5041 0.5032 0.0064 0.5044
30 b 5.3543 0.0728 5.7071 5.3534 0.0726 5.7071 5.3550 0.0710 5.5714
a 0.5010 0.0022 0.5030 0.5000 0.0019 0.5020 0.5087 0.0018 0.5062
50 b 5.2825 0.0550 5.4520 5.2840 0.0586 5.4560 5.2649 0.0596 5.3850
50% a 0.5040 0.0074 0.5049 0.5030 0.0051 0.5049 0.5090 0.0054 0.5062
100 b 5.1440 0.0283 5.2180 5.1420 0.0247 5.2140 5.1570 0.0342 5.2172
a 0.5069 0.0074 0.5025 0.5070 0.0096 0.5025 0.4963 -0.0058 0.5066
30 b 5.0950 0.0191 5.1960 5.0900 0.0189 5.1970 5.1445 0.0272 5.2285
a 0.4987 -0.0072 0.5054 0.4987 -0.0072 0.5054 0.4929 -0.0072 0.4929
50 b 5.0842 0.0118 5.1451 5.0842 0.0118 5.1451 5.1131 0.0216 5.1622
20% a 0.5052 0.0073 0.5091 0.5052 0.0073 0.5091 0.5048 0.0096 0.5095
100 b 5.0510 0.0117 5.0895 5.0520 0.0135 5.0895 5.0663 0.0186 5.0831
Type (B)

Direct L-moments (Type-BD) L-moments (Type-B) ML
c N Par I Estimate RB RMSE | Estimate RB RMSE | Estimate RB RMSE
a 0.5044 0.0174 0.5013 0.5044 0.0174 0.5013 0.5032 0.0064 0.5044
30 b 5.1850 0.0390 5.4090 5.1830 0.0386 5.4088 5.3550 0.0710 5.5714
a 0.5060 0.0028 0.5030 0.5080 0.0051 0.5060 0.5087 0.0018 0.5062
50 b 5.1612 0.0324 5.2810 5.1609 0.0317 5.2800 5.2649 0.0596 5.3850
50% a 0.5020 0.0023 0.5030 0.5060 0.0031 0.5050 0.5090 0.0054 0.5062
100 b 5.1050 0.0289 5.1640 5.1060 0.0292 5.1670 5.1570 0.0342 5.2172
a 0.5059 0.0066 0.5039 0.5059 0.0066 0.5039 0.4963 -0.0058 0.5066
30 b 5.0233 0.0068 5.1090 5.0233 0.0068 5.1091 5.1445 0.0272 5.2285
a 0.5018 0.0076 0.5031 0.5018 0.0076 0.5031 0.4929 -0.0072 0.4929
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b 5.0330 0.0058 5.0841 5.0320 0.0041 5.0841 5.1131 0.0216 5.1622
a 0.5072 0.0067 0.5030 0.5072 0.0067 0.5020 0.5048 0.0096 0.5095
100 b 5.0370 0.0054 5.0580 5.0350 0.0049 5.0570 5.0663 0.0186 5.0831
Table 4: The estimates, relative bias (RB) and RMSE for two
parameters of Wiebull distribution using Direct L-moments, L-
moments and ML method based on right censoring (a=2 and b=4)
Type (A)
P Direct L-moments (Type-AD) L-moments (Type-A) ML
c n ar- "Estimate | RB RMSE  |Estimate| RB RMSE | Estimate RB RMSE
a 2.0200 | 0.0140 | 2.0400 2.0260 | 0.0196 | 2.0450 | 2.0147 | 0.0073 | 2.0222
30 b 4.2870 | 0.0729 | 4.4565 4.2890 | 0.0774 | 4.4590 | 4.3056 | 0.0764 | 4.4479
a 2.0100 | 0.0095 | 2.0260 2.0110 | 0.0095 | 2.0200 | 2.0110 | 0.0055 | 2.0154
50 b 4.1600 | 0.0455 | 4.2620 4.1620 | 0.0499 | 4.2640 | 4.1857 | 0.0464 | 4.2703
50% a 2.0046 |0.0032 | 2.0055 2.0055 | 0.0076 | 2.0060 | 2.0028 | 0.0014 | 2.0046
100 | p 4.0611 |0.0178 | 4.1049 4.0604 | 0.0160 | 4.1048 | 4.0761 | 0.0190 | 4.1124
a 2.0187 | 0.0033 | 2.0177 2.0187 | 0.0033 | 2.0177 | 2.0083 | 0.0041 | 2.0113
30 b 4.1190 |0.0223 | 4.1984 4.1180 | 0.0219 | 4.1984 | 4.1652 | 0.0413 | 4.2340
a 2.0016 |0.0058 | 2.0096 2.0025 | 0.0062 | 2.0096 | 2.0014 | 0.0007 | 2.0031
50 b 4.0750 |0.0176 | 4.1250 4.0740 | 0.0154 | 4.1255 | 4.0914 | 0.0228 | 4.1336
20% a 2.0023 | 0.0024 | 2.0034 2.0023 | 0.0024 | 2.0034 | 2.0010 | 0.0005 | 2.0019
100 | p 4.0570 | 0.0129 | 4.0710 4.0560 | 0.0107 | 4.0705 | 4.0653 | 0.0163 | 4.0860
Type (B)
Direct L-moments (Type-BD) L-moments (Type-B) ML
Par.
¢ n ar Estimate RB RMSE Estimate RB RMSE Estimate RB RMSE
a 2.0326 | 0.0130| 2.0414 2.0330 | 0.0152 | 2.0414 | 2.0147 | 0.0073 | 2.0222
30 b 4.1660 | 0.0490 | 4.3070 4.1650 | 0.0488 | 4.3060 | 4.3056 | 0.0764 | 4.4479
a 2.0238 | 0.0168 | 2.0290 2.0247 | 0.0173 | 2.0260 | 2.0110 | 0.0055 | 2.0154
50 b 4.0980 | 0.0240 | 4.1820 4.0970 | 0.0218 | 4.1805 | 4.1857 | 0.0464 | 4.2703
50% a 2.0030 | 0.0064 | 2.0000 2.0070 | 0.0087 | 2.0070 | 2.0028 | 0.0014 | 2.0046
100 | p 4.0339 | 0.0059 | 4.0600 4.0343 | 0.0060 | 4.0610 | 4.0761 | 0.0190 | 4.1124
a 2.0165 | 0.0009 | 2.0162 2.0165 | 0.0009 | 2.0162 | 2.0083 | 0.0041 | 2.0113
30 b 4.0509 |0.0157 | 4.1211 4.0509 | 0.0157 | 4.1211 | 4.1652 | 0.0413 | 4.2340
a 2.0041 | 0.0085 | 2.0086 2.0041 | 0.0085 | 2.0086 | 2.0014 | 0.0007 | 2.0031
50 b 4.0270 | 0.0041 | 4.0786 4.0260 | 0.0039 | 4.0786 | 4.0914 | 0.0228 | 4.1336
20% a 2.0049 |0.0024 | 2.0003 2.0049 | 0.0024 | 2.0003 | 2.0010 | 0.0005 | 2.0019
100 | p 4.0305 | 0.0058 | 4.0570 4.0305 | 0.0058 | 4.0550 | 4.0653 | 0.0163 | 4.0860
Table 5: The estimates, relative bias (RB) and RMSE for two
parameters of Wiebull distribution using Direct L-moments, L-
moments and ML method based on right censoring (a=0.2 and b=0.8)
Type (A)
Direct L-moments (Type-AD) L-moments (Type-A) ML
c n Par. "Estimate RB RMSE | Estimate RB RMSE | Estimate RB RMSE
a 0.3092 0.5261 1.1028 0.3083 0.5217 1.1003 0.2238 0.1190 0.2635
30 b 0.8136 0.0270 0.8609 0.8147 0.0233 0.8610 0.8653 0.0816 0.9009
a 0.2289 0.1445 0.2549 0.2290 0.1451 0.2550 0.2119 0.0599 0.2249
50 b 0.8063 0.0082 0.8220 0.8059 0.0027 0.8230 0.8319 0.0399 0.8488
50% a 0.2170 0.0535 0.2149 0.2185 0.0542 0.2150 0.2051 0.0259 0.2104
100 b 0.8030 0.0005 0.8170 0.8080 0.0074 0.8140 0.8217 0.0271 0.8289
30 a 0.2061 0.0230 0.2136 0.2046 0.0223 0.2113 0.2035 0.0178 0.2108
b 0.8050 0.0151 0.8370 0.8049 0.0142 0.8366 0.8381 0.0476 0.8543
20% 50 a 0.2050 0.0207 0.2037 0.2040 0.0211 0.2053 0.2037 0.0185 0.2086
b 0.8010 0.0080 0.8170 0.8000 0.0066 0.8160 0.8206 0.0258 0.8294
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a 0.2000 0.0143 0.2057 0.2080 0.0184 | 0.2057 0.2024 0.0120 | 0.2044
b 0.7916 -0.0050 | 0.8040 0.7920 -0.0009 | 0.8030 0.8086 0.0108 | 0.8128
Type (B)
Direct L-moments (Type-BD) L-moments (Type-B) ML
c n Par. "Estimate RB RMSE Estimate RB RMSE | Estimate RB RMSE
a 0.2847 0.4423 0.7137 0.2896 0.4448 | 0.7146 0.2238 0.1190 | 0.2635
30 b 0.7966 -0.0067 | 0.8378 0.7942 -0.0098 | 0.8367 0.8653 0.0816 | 0.9009
a 0.2302 0.1550 0.2581 0.2324 0.1561 | 0.2587 0.2119 0.0599 | 0.2249
50 b 0.7870 -0.0112 | 0.8160 0.7840 -0.0154 | 0.8120 0.8319 0.0399 | 0.8488
50% a 0.2126 0.0612 0.2162 0.2151 0.0625 | 0.2187 0.2051 0.0259 | 0.2104
100 b 0.8073 0.0065 0.8145 0.8055 0.0043 | 0.8129 0.8217 0.0271 | 0.8289
a 0.2039 0.0219 0.2183 0.2098 0.0249 | 0.2194 0.2035 0.0178 | 0.2108
30 b 0.7833 -0.0133 | 0.8007 0.7892 -0.0125 | 0.8048 0.8381 0.0476 | 0.8543
a 0.2078 0.0285 0.2000 0.2078 0.0285 | 0.2040 0.2037 0.0185 | 0.2086
50 b 0.7972 -0.0011 | 0.8000 0.7968 -0.0053 | 0.8010 0.8206 0.0258 | 0.8294
20% a 0.2000 0.0139 0.2000 0.2030 0.0141 | 0.2040 0.2024 0.0120 | 0.2044
100 b 0.7910 -0.0044 | 0.7970 0.7920 -0.0030 | 0.7980 0.8086 0.0108 | 0.8128
Table 6: The estimates, relative bias (RB) and RMSE for two
parameters of Wiebull distribution using Direct L-moments, L-
moments and ML method based on left censoring (a=0.5 and b=5)
Type (A)
Direct L-moments (Type-AD) L-moments (Type-A) ML
c n Par. "Estimate RB RMSE Estimate RB RMSE | Estimate RB RMSE
a 0.4953 -0.0094 | 0.4900 0.4960 -0.0083 | 0.4950 0.3156 -0.6631 | 0.5457
30 b 5.1888 0.0376 5.2850 5.1891 0.0381 | 5.2880 5.6570 0.8685 | 5.3816
a 0.4962 -0.0065 | 0.4937 0.4962 -0.0065 | 0.4937 0.4983 -0.0033 | 0.4986
50 b 5.0988 0.0175 5.1635 5.0992 0.0184 | 5.1640 5.0949 0.0189 | 5.1610
50% a 0.4935 -0.0054 | 0.4918 0.4935 -0.0054 | 0.4918 0.4987 -0.0024 | 0.4989
100 b 5.0284 0.0053 5.0550 5.0284 0.0053 | 5.0530 5.0269 0.0053 | 5.0581
a 0.4994 -0.0011 | 0.4913 0.4983 -0.0033 | 0.4913 0.4981 -0.0037 | 0.4984
30 b 5.1351 0.0287 5.2143 5.1351 0.0287 | 5.2143 5.1395 0.0279 | 5.2182
a 0.4940 -0.0091 | 0.4995 0.4950 -0.0089 | 0.4995 0.4996 -0.0006 | 0.4999
50 b 5.0675 0.0165 5.1100 5.0675 0.0165 | 5.1150 5.0679 0.0135 | 5.1113
20% a 0.4906 -0.0088 | 0.4934 0.4900 -0.0099 | 0.4934 0.4996 -0.0006 | 0.4997
100 b 5.0140 0.0080 5.0362 5.0137 0.0075 | 5.0362 5.0156 0.0031 | 5.0385
Type (B)
Direct L-moments (Type-BD) L-moments (Type-B) ML
c n Par. "Estimate RB RMSE Estimate RB RMSE | Estimate RB RMSE
a 0.4935 -0.0029 | 0.4954 0.4940 -0.0018 | 0.4954 0.3156 -0.6631 | 0.5457
30 b 5.1228 0.0255 5.2239 5.1230 0.0260 | 5.2244 5.6570 0.8685 | 5.3816
a 0.4934 -0.0033 | 0.4950 0.4934 -0.0033 | 0.4900 0.4983 -0.0033 | 0.4986
50 b 5.0427 0.0053 5.1160 5.0419 0.0037 | 5.1110 5.0949 0.0189 | 5.1610
50% a 0.4980 -0.0039 | 0.4960 0.4979 -0.0041 | 0.4900 0.4987 -0.0024 | 0.4989
100 b 5.0160 0.0012 5.0471 5.0134 0.0006 | 5.0468 5.0269 0.0053 | 5.0581
a 0.4904 -0.0018 | 0.4940 0.4904 -0.0018 | 0.4900 0.4981 -0.0037 | 0.4984
30 b 5.0420 0.0042 5.1220 5.0440 0.0078 | 5.1230 5.1395 0.0279 | 5.2182
a 0.4900 -0.0097 | 0.4942 0.4910 -0.0075 | 0.4942 0.4996 -0.0006 | 0.4999
50 b 5.0230 0.0056 5.0700 5.0240 0.0073 | 5.0726 5.0679 0.0135 | 5.1113
20% a 0.4900 -0.0084 | 0.4943 0.4930 -0.0073 | 0.4943 0.4996 -0.0006 | 0.4997
100 b 4.9981 -0.0038 | 5.0240 4.9974 -0.0051 | 5.0230 5.0156 0.0031 | 5.0385
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Table 7: The estimates, relative bias (RB) and RMSE for two
parameters of W.iebull distribution using Direct L-moments, L-
moments and ML method based on left censoring (a=2 and b=4)

Type (A)
Direct L-moments (Type-AD) L-moments (Type-A) ML
¢ N Par e imate RB RMSE | Estimate RB RMSE | Estimate RB RMSE
a 1.9847 -0.0067 | 1.9918 1.9858 -0.0011 | 1.9920 1.9874 -0.0062 | 1.9910
30 b 4.1689 0.0423 4.2779 4.1691 0.0468 | 4.2780 4.1609 0.0402 | 4.2738
a 1.9844 -0.0097 | 1.9965 1.9844 -0.0097 | 1.9965 1.9899 -0.0050 | 1.9919
50 b 4.1140 0.0286 4.1730 4.1160 0.0290 | 4.1731 4.1106 0.0276 | 4.1722
50% a 1.9950 -0.0074 | 1.9978 1.9970 -0.0063 | 1.9978 1.9915 -0.0042 | 1.9925
100 b 4.0420 0.0179 4.0600 4.0460 0.0190 | 4.0650 4.0412 0.0103 | 4.0688
a 1.9998 -0.0055 | 2.0025 1.9998 -0.0055 | 2.0025 1.9981 -0.0009 | 2.0005
30 b 4.1594 0.0347 4.2136 4.1594 0.0347 | 4.2136 4.1526 0.0381 | 4.2179
a 1.9967 -0.0064 | 2.0026 1.9970 -0.0053 | 2.0026 1.9989 -0.0005 | 2.0004
. 50 b 4.0619 0.0172 4.1079 4.0620 0.0194 | 4.1080 4.0646 0.0161 | 4.1002
20% a 1.9900 -0.0096 | 1.9919 1.9905 -0.0073 | 1.9919 1.9992 -0.0003 | 1.9999
100 b 4.0310 0.0077 4.0488 4.0335 0.0083 | 4.0488 4.0314 0.0078 | 4.0480
Type (B)
Direct L-moments (Type-BD) L-moments (Type-B) ML
(o} n Par.
Estimate RB RMSE Estimate RB RMSE Estimate RB RMSE
a 1.9800 -0.0010 | 1.9810 1.9860 -0.0007 | 1.9840 1.9874 -0.0062 | 1.9910
30 b 4.0420 0.0130 4.1300 4.0480 0.0144 | 4.1355 4.1609 0.0402 | 4.2738
a 1.9800 -0.0053 | 1.9820 1.9820 -0.0042 | 1.9840 1.9899 -0.0050 | 1.9919
50 b 4.0416 0.0128 4.1008 4.0429 0.0132 | 4.1019 4.1106 0.0276 | 4.1722
50% a 1.9904 -0.0019 | 1.9950 1.9900 -0.0020 | 1.9900 1.9915 -0.0042 | 1.9925
100 b 4.0337 0.0084 4.0596 4.0318 0.0079 | 4.0573 4.0412 0.0103 | 4.0688
a 1.9982 -0.0013 | 2.0011 1.9982 -0.0013 | 2.0011 1.9981 -0.0009 | 2.0005
30 b 4.1010 0.0228 4.1685 4.1030 0.0272 | 4.1685 4.1526 0.0381 | 4.2179
a 1.9963 -0.0018 | 1.9907 1.9957 -0.0021 | 1.9907 1.9989 -0.0005 | 2.0004
50 b 4.0200 0.0058 4.0506 4.0210 0.0080 | 4.0510 4.0646 0.0161 | 4.1002
20% a 1.9961 -0.0003 | 1.9984 1.9961 -0.0003 | 1.9984 1.9992 -0.0003 | 1.9999
100 b 4.0240 0.0097 4.0360 4.0220 0.0052 | 4.0340 4.0314 0.0078 | 4.0480
Table 8: The estimates, relative bias (RB) and RMSE for two
parameters of Wiebull distribution using Direct L-moments, L-
moments and ML method based on left censoring (a=0.2 and b=0.8)
Type (A)
Direct L-moments (Type-AD) L-moments (Type-A) ML
c n Par. Estimate RB RMSE Estimate RB RMSE | Estimate RB RMSE
a 0.2043 0.0011 0.2007 0.2050 0.0039 | 0.2007 0.2040 0.0200 | 0.2104
30 b 0.8460 0.0565 0.8569 0.8470 0.0579 | 0.8570 0.8506 0.0633 | 0.8657
a 0.2048 0.0066 0.2068 0.2048 0.0066 | 0.2068 0.2020 0.0103 | 0.2057
. 50 b 0.8250 0.0368 0.8370 0.8270 0.0371 | 0.8360 0.8318 0.0397 | 0.8409
50% a 0.1977 -0.0051 | 0.2080 0.1977 -0.0051 | 0.2050 0.2008 0.0042 | 0.2027
100 b 0.8102 0.0188 0.8120 0.8102 0.0188 | 0.8110 0.8144 0.0180 | 0.8185
20 a 0.1927 -0.0069 | 0.2002 0.1938 -0.0014 | 0.2002 0.2034 0.0172 | 0.2090
b 0.8302 0.0317 0.8462 0.8302 0.0317 | 0.8462 0.8467 0.0584 | 0.8583
20% | 50 a 0.1958 -0.0052 | 0.2027 0.1958 -0.0052 | 0.2027 0.2005 0.0026 | 0.2039
b 0.8118 0.0119 0.8270 0.8121 0.0161 | 0.8260 0.8200 0.0251 | 0.8264
100 a 0.1927 -0.0068 | 0.2070 0.1930 -0.0054 | 0.2069 0.2006 0.0031 | 0.2024
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| b | 08190 | 0.0111 | 0.8192 | 0.8180 | 0.0109 | 0.8192 | 0.8126 | 0.0158 | 0.8159
Type (B)
Direct L-moments (Type-BD) L-moments (Type-B) ML
c n Par Estimate RB RMSE Estimate RB RMSE | Estimate RB RMSE
a 0.2030 0.0060 0.2053 0.2060 0.0074 | 0.2053 0.2040 0.0200 | 0.2104
30 b 0.8210 0.0338 0.8439 0.8230 0.0341 | 0.8440 0.8506 0.0633 | 0.8657
a 0.1980 -0.0063 0.2028 0.1930 -0.0091 | 0.2028 0.2020 0.0103 | 0.2057
50 b 0.8189 0.0204 0.8277 0.8190 0.0245 | 0.8277 0.8318 0.0397 | 0.8409
50% a 0.1970 -0.0022 0.2046 0.1940 -0.0036 | 0.2046 0.2008 0.0042 | 0.2027
100 b 0.8030 0.0084 0.8130 0.8040 0.0098 | 0.8110 0.8144 0.0180 | 0.8185
a 0.1956 -0.0013 0.2000 0.1956 -0.0013 | 0.2040 0.2034 0.0172 | 0.2090
30 b 0.8219 0.0282 0.8332 0.8219 0.0282 | 0.8332 0.8467 0.0584 | 0.8583
a 0.1920 -0.0144 | 0.2008 0.1950 -0.0130 | 0.2008 0.2005 0.0026 | 0.2039
50 b 0.8030 0.0009 0.8113 0.8050 0.0036 | 0.8113 0.8200 0.0251 | 0.8264
20% a 0.1950 -0.0028 0.2024 0.1900 -0.0055 | 0.2024 0.2006 0.0031 | 0.2024
100 b 0.8080 0.0022 0.8010 0.8060 0.0019 | 0.8000 0.8126 0.0158 | 0.8159
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